GrowthPertJuly20.nb

Perturbation of Growth Model

Off[General::"spelll"]
Off[General::"spell"]
SessionTime[]

0.2503600

Deterministic Model

m setup

u[x ] = Log[x];
f[x ] =x+ Ax%;
a=.25; B=.95;

£r[1]

1+0.25A

Solve[% =1/, A]

{{A>0.210526}}

A=A//.%[[1]]

0.210526
kplus = f[k] - c[k]
cplus = c[kplus]

fplx_] = D[£[x], x]
EulerEq = u'[c[k]] -Bu'[cplus] fp[kplus]

0.210526k%2?° + k - c[k]

c[0.210526k%?° + k- c[k]]

1 0.0526316
* %0.75
0.0526316
1 ) 0.95 <l+ (04210526k°-25+k—c[k])0'75)
clk] c[0.210526k%-25 + k- c[k]]

ss={k>1,1.-1, 0.0}

{k->1,1.-51, 0. >0}
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EulerEq//. ss

0.0526316
1 B 0.95 <l+ (1.21053@[1])0-75)
c[1] c[1.21053 -c[1]]

c[l] =css=£f[1] -1

0.210526

EulerEq //. ss // Simplify

8.88178x1071°

sol = {};

m Kk pert

D[EulerEq, k]

0.0375 (1 + 29525218 _ ¢’ [k]) ' [k]
(0.210526 k925 + k- c[k])*"7° ¢[0.210526 k0-25 + k - c[k]] c[k]?
0.95 (1 + (o.noszgk?-zsz;i[m)0-75 ) (1+ 20528316 _ ' [k]) ¢’[0.210526 k%25 + k - c[k]]

c[0.210526k0-25 + k - c[k]]?
%//.ss
0.178125 (1.05263 -c’[1]) -22.5625¢" [1] +22.5625 (1.05263-¢c'[1]) ¢’'[1]
% // Simplify
-22.5625 (-0.116233 +c’[1]) (0.0714964 +c'[1])
Solve[% =0, c'[1]]
{{c’'[1] »-0.0714964}, {c’'[1] - 0.116233}}
sol = Union[sol, %$[[2]]]

{c’[1] > 0.116233}
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m Kk pert - degree 2
D[EulerEq, k, k]

0.065625 (1 + 0:0526316 _ v [)7)?

0.75
— k +

(0.210526 k%25 +k - c[k])?7® ¢[0.210526 k0-25 + k — ¢ [k] ]

2/ (k]2 0.075 (1+ 29528316 _ or(k])” ¢/ [0.210526 k%25 + k - c[k]]

cl[k]? (0.210526k%-25 + k —c[k])*7° ¢[0.210526 k0-25 + k - ¢ [k] ]*
2 2
1.9 (1+ G AToSae R ST ) (1 4+ 20528228 _ ' [k])" ¢’[0.210526 k%2 + k - c[k] ]

c[0.210526k%-25 + k- c[k]]®
0.0375 (- 0:0394737 _ gy

k175

N
(0.210526k%-25 + k- c[k])* 7> ¢[0.210526 k0-25 + k - ¢ [k] ]

0.0526316 ’ 0.25 0.0394737 rr
0.95 (1+ IO T iR ) ©'[0.210526 k25 +k - c[k]] (- =827 - ¢’ [k]) o [K]
€[0.210526k9-25 + k - c[k]]? clk]?
0.95 (1+ o B fB 2Bl s ) (1+ 2F2RHE - ¢/ [K] )2 ¢”[0.210526 k%25 + k - c[k] ]

c[0.210526k%-25 + k - c[k]]?
%//.ss

-0.311719 (1.05263 -¢c'[1])?-1.69219 (1.05263-c’[1])2c'[1] +
214.344¢’[1]%-214.344 (1.05263-¢'[1])% ¢’ [1]%2+0.178125 (-0.0394737-c”[1]) +
2

22.5625¢’[1] (-0.0394737 -¢c”[1]) -22.5625¢”[1] +22.5625 (1.05263 -’ [1])2c”[1]
% //.sol
-0.0891494 +2.80064 (-0.0394737-c”[1]) -2.77875¢c”[1]

% // Simplify

-0.199701-5.57939c” [1]

Solve[% =0, c''[1]]

{{c”[1] > -0.0357926}}

sol = Union[sol, %[[1]]] // Simplify

{c’[1] > 0.116233, ¢”[1] » -0.0357926}

m k pert - degree 3

D[EulerEq, k, k, k] //.ss //. sol // Simplify

0.370006-6.83767c® [1]
Solve[% =0, c'''[1]]:

sol = Union[sol, %$[[1]]] // Simplify;
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sol

{c’[1] - 0.116233, ¢’ [1] - -0.0357926, c®) [1] - 0.0541129}

Series[c[x], {x, 1, 3}] //. sol

0.210526+0.116233 (x-1) -0.0178963 (x-1)2+0.00901882 (x-1)°>+0[x-1]*

m Kk pert - more

Do|[
dx = D[EulerEq, {k, i}] //. ss //. sol // Simplify;
solx = Solve[dxk == 0, Derivative[i] [c] [1]];
sol = Union[sol, solk[[1]]] // Simplify,
{i, 4, 10}]

sol

{c’[1] - 0.116233, ¢’ [1] - -0.0357926, c® [1] - 0.0541129,
4 [1] »-0.135759, ¢® [1] - 0.47631, c(®[1] » -2.14781,
c™[1] >11.8364, c®[1] »-77.0954, c® [1] -579.493, c(*® [1] - -4937.49}

af

Do[Print[SessionTime[]];
dx = D[EulerEq, {k, i}] //.ss //. sol // Simplify;
solxk = Solve[dk == 0, Derivative[i] [c][1]]:
sol = Union[sol, solx[[1]]] // Simplify,
{i, 11, 15}] // Timing

40.3880752
40.9088240
41.8501776
43.4725104
46.1563696

{10.274 Second, Null}

sol

{c¢'[1] - 0.116233, ¢’ [1] - -0.0357926, c® [1] - 0.0541129, ¢*) [1] - -0.135759,
c® 1] >0.47631, c®[1] »-2.14781, ¢(7 [1] »11.8364, c® [1] - -77.0954,
c®[1] »579.493, c*% [1] - -4937.49, c*P [1] »47028., c*? [1] - -495179.,
c®¥[1] 55.71168%x10°%, c**) [1] 5 -7.16244x107, c(3 [1] 59.70199x10°%}

csol[x ] = Series[c[x], {x, 1, 15}] //. sol // Normal

0.210526+0.116233 (-1 +xX) -0.0178963 (-1 +x)2+0.00901882 (-1 +x)> -

0.00565664 (-1 +x)%+0.00396925 (-1 +x)°-0.00298307 (-1+x)®+0.0023485 (-1+x)’ -
0.00191209 (-1 +x)%+0.00159693 (-1 +x)°-0.00136064 (-1+x)*°+0.00117815 (-1 +x)* -
0.00103377 (-1+x)?+0.000917241 (-1+x)* -0.000821585 (-1 +x)* +0.000741927 (-1 +x)®
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EulerEq
0.0526316
1 _ 0.95 <l + (O.210526k°45+k7c[k])m75)
c[k] c[0.210526Kk%25 +k - c[K] ]

EulerEgsol = csol[k] EulerEq//. c -» csol;

Plot[Log[10, Abs[EulerEgsol] +10°'°], {k, .1, 2.0}, PlotRange » All];

-2+

.75 1.25 .5 1.75 2
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D

Deterministic Model - abstract

m setup

We use arbitrary u[c] and f[x]. Thiswill show where various derivatives arise.

kplus = f[k] - c[k]
cplus = c[kplus]
fp[x_] = D[f[x], x]

EulerEq = u'[c[k]] - Bu'[cplus] fp[kplus]
—c[k] + £ [k]

c[-clk] + £[k]]

£ [x]

u [c[k]] -BE[-c[k] +f[k]]u [c[-c[k] + £[k]]]
ss={k->1, 1.1, 0.0}

{k->1,1.->1, 0. >0}

EulerEq//. ss

wilc[1l]] -BE[-c[1] +£[1]]u' [c[-c[1] +£[1]]]
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c[1] = £[1] -1

-1+ £[1]
£[1] =css +1;

EulerEq//. ss // Simplify

(1-Bf[1]) u'[css]

£r'[1]1 =1/

z

B

EulerEq//. ss // Simplify

0

sol = {};

m Kk pert

D[EulerEq, k]

-B(-c'[k] + £ [k]) u[c[-c[k] + £[k]]] £7[-c[k] + £[k]] + ' [k] u”[c[k]] -
B [-c[k] +£[k]] (-c'[k] + £[k]) £ [-c[k] + £[k]] u”[c[-c[k] + £[k]]]
%//.ss

-B E -c’'[1])u'[ecss] £7[1] +c'[1] u” [css] - %—c [1]) c'[1] v’ [css]

% // Simplify

B(-1+Bc [1])u'[css] £7[1] +c’'[1] (-1 +B+Bc’'[1]) u’'[css]

Solve[% =0, c'[1]]

{{c’[l] - m (—BZ u [css] £7[1] +u”[css] -Bu”[css] -

Ja B2 wess] £/[1] wlcss] + (B2 wcss] £7(1] - u” [css] +/3u~[css]>2)},

1

Shw [essT (752 W ess] £7[1] +u” [css] - Bu” [css] +

{e'[1] -

Ja B2 less] £/[1] w[css] + (B w[css] £7(1] - u” [css] +/3u~[css]>2)}}

sol = Union[sol, %[[2]]]

1

ZBu [ess] -B2u [css] £7[1] +u”[css] - Bu” [css] +

{e'[1] >

\/4 B2uw [css] £7[1]) u’[css] + (B2 u [css] £7/[1] —u”[css] +Bu”[css})2 )}
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m Kk pert - degree 2

D[EulerEq, k, k]

—Bu [c[-c[k] +£[k]]] (-c¢”[k] +£7[k]) £7[-c[k] + E[k]] + " [k] u'[c[k]] -

c'[k] + £ [k])* £ [-c[k] +£[k]] c”[-c[k] +f£[k]]u’[c[-c[k] +£[k]]] -
BC [-clk] + £[k]] £ [-c[k] + £[k]] (-¢”[k] + £7[k]) u”[c[-c[k] + £[k]]] -
2Bc [-clk] +£[k]] (-’ [k] + £ [k])? £/ [-c[k] + £[k]] u’[c[-c[k] + £[k]]] -
B (-c'[k] + ' [k])?u [c[-c[k] +f[k]]] £3) [-c[k] + £[k]] +c' [k]?ul® [c[k]] -
Bc'[-cl[k] +£[k]]1% (-’ [k] + £ [k])? £ [-c[k] + £[k]] u® [c[-c[k] + £[k]]]
%//.ss

2
_Bu [ess] £7[1] (=c¢”[1] + £7[1]) +c”[1] U’ [css] - (% —c [1}) ¢’ [1] u”’[css] -
2
2 (%4: [1]) ¢ [1] £7[1] u’[ess] - [1] (-c”[1] + £7[1]) u” [css] -
B (i —c [11)2u [css] £3)[1] + ¢ [1]%2u® [css] - (i —c [11)2 ' [11%2u® [css]
B B

Solve[% =0, c''[1]]

{{c”[1] > (B> u [ess] £7[1]2+2Bc [1] £'[1 ] "less] +B%c’[1] £7[1] u”’[css] -
[

]
4B2c [1]12E[1)u [ces] +2B3c [1]1° £/ [1] u’[css] +Bu [css] £ [1] -
2B2c¢ [1]uwecss] £ [1]+B% ' [1]%u [css} £ [1] +c¢ [1]12u® [ess] -
B2c’ [1]%u® [ess] -2Bc [1]°u® [ess] +B%2 ' [1]*u® [ess]) / (B u [css] £7[1] -

u”[css] + B2 u’[css] +2Bc [1]u’[css] +B%c [1]u’[ess] -B%c [1]%u” [css])}}

sol = Union[sol, %[[1]]] // Simplify

1

S — _R2 ’ 144 ’r _ rr
2 Bu"[css] Fruw'less] £7[1] +u”less] - fu”[ess] +

{c’[l] -

\/4 B2 wcss] £7[1] u’[css] + (B2 wlcss] £7[1] + (-1 +B) u”[css])? )
c”[1] » (Bu'[ess] (£ [1]-2Bc [1] £C3)[1] + 8% (£7[1]%+ ' [1]2 £ [1])) +
¢’ [1] (B(2+B-4Bc'[1] +2B% ' [1]2%) £/[1] u”[css] +
(1] (L-2Bc'[1] +B% (-1 +c'[1]1%)) u® [ess])) /
(B u'[css] £7[1] + (-1+2Bc/[1) +B% (1+c'[1] -c'[1]%)) u”[css]) }
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m k pert - degree 3

D[EulerEq, k, k, k] //. ss

1 3 1
35 (E —c'[l]) ¢’ [1] £7[1] u” [css] - 3 (E —c'[11) ¢ [1] (-¢”[1] + £7[1]) u” [css] -
65 (% —c’[l]) ¢ [1] £7[1] (=c¢”[1] + £7[1]) u” [css] +u” [css] ¢ [1] -
(% —c [l})3u"[css} c® 1] -38 (% —c’[l]) W ess] (-c”[1] + £7[1]) £3)[1] -
3 (% -c [11)3 c'[1]u’[ess] £ [1] - Bu[ess] £7[1] (¢ [1] + £3)[1]) -
¢’ [1]u’[ess] (-c@® (1] +£3)[1]) +3 ¢ [1] ¢’ [1] u® [ess] -
3 (% —c [1})3c [1] ¢”[1] u® [css] -3 8 (% -c'[l])3 ¢ [1]2 £7[1] u® [css] -
3 (% —c [1}) ¢ [1]1% (=¢”[1] + £7[1]) u® [css] -
1 3 3

B (E “c [1}) wiess] £ [1] +c'[1]%u® [css] - (E —c [1}) ¢’ [1]° u® [css]

Solve[% =0, c''"'[1]]:
sol = Union[sol, %[[1]]] // Simplify;

sol

1

= Ry 4 ’ _ 77
spu [oss] \ P Wless] £7[1] +u”[ess] - fu”[css] +

{c’[l] -

\/4 B2u [css] £7[1] uw’[css] + (B2 w [css] £7[1] + (-1 +B) u’[ecss])? ),

c”[1] - (Bu'[ess] (£ [1] -2 [1] £ [1] + B2 (£/[1]% + ' [1]2 £ [1])) +
c'[1] (B(2+B-4pBc' [1] +2 32 c’[1]2) £7[1] u’[css] +
c'[1] (1-2Bc [1] +B% (-1+c'[1]?)) ul® [ess])) /
(BPu[ess] £7[1] + (-1 +2Bc' [1] +B% (L+c'[1] - [1]%)) u”[ecss]), c®)[1] >
3

(-1+Bc'[1])3c”[1] £7[1] u’ [css]

(53 (3 (-1+Bc[1]) ¢”[1] (¢”[1] -£7[1]) u’[css]
B 32
6c'[1] (-1 +Bc’[1]) £7[1] (-c”[1] +£7[1]) u”[css] +
3 (-1+Bc[1])uw [ess] (¢”[1] -£7[1]) £ [1] +Bu'[ess] £7[1] £ [1] +

, , 3.
c’'[1]u’[css] £ [1] - 3c¢/[1] (-1+B¢c [1/3]2> u”[css] £04)[1]

3¢/ [1]® (-1+Bef[1]) £/ [1]u®) [ess]  (-1+Bc[1])°u'[css] £14)[1]

e [1]1° (-1 +Bc [1])3u® [ess] ]]/

c’[11°u™® [ess] - 5

(B*uw' [ess] £7[1] + (-1+3 B¢/ [1] -3B2 ' [1]2+4° (1+c'[1] +c'[1]%)) u”[css]) )
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m Kk pert - more

Do[Print[{i, SessionTime[]}];
dx = D[EulerEq, {k, i}] //. ss;
solx = Solve[dk == 0, Derivative[i] [c][1]]:
sol = Union[sol, solx[[1]]] // Simplify,
{i, 4, 6}] // Timing

{4, 1.2618144}
{5, 3.0343632}
{6, 5.7282368)}

{13.68 Second, Null}

Stochastic Model

m setup

kplus

f[k, 6] -c[k, 6, €]

cplus = c[kplus, 6plus, €]

Oplus=p O +€2z

fp[x , y_ 1 = D[f[x, y], x]

EulerEq = u'[c[k, 6, €]] -Bu'[cplus] fp[kplus, 6plus]

-clk, 6, €] +f[k, 6]

cl-clk, 6, €] + £k, 6], 6plus, €]

ZE+OpP

£ [x, y]

uclk, 6, €]l -Bu[c[-c[k, 6, €] +f[k, 6], ze+6p, €]] £ [-c[k, 6, €] +f[k, 6], z€+6p]

u[x ] = Log[x]
f[x , v 1 =x+ Ax*Exp[y]

Log[x]
X + A eY x°
ss={k-1,6-0,€-0,1.-1, 0.0}

{(k>1,650,€-50,1.51, 0. >0}
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EulerEq//. ss

1 B(l+Aa (1+A-c[1,0,0]) "
c[1, 0, 0] c[l+A-c[1, 0, 0], O, O]
fp[1, 0]
1+Aa

Solve([%==1/f, A]

_14+ L

{ar—*1

A=A//.%[[1]]

1
“lrE
(04

a=1./3; B=95./100; p=1./2;

EulerEq
0.0526316 eZ€*0-59

1 B 0.95 (l + (OA157895‘Eeko.333333+k7c[k’916])0.666667 )
clk, 6, €] c[0.157895 e k0-333333 + k —c[k, 6, €], ze+0.50, €]
EulerEq//. ss

0.0526316

1 B 0.95 (1 + (1415789—0[1,0,0])0ﬁ6“67)

c[1l, 0, 0] c[1.15789-c[1, O, 0], O, O]

c[1, 0, 0] =css=£[1, 0] -1

0.157895

EulerEq //. ss // Simplify

8.88178x1071°

sol = {};

m Kk pert

D[EulerEq, k] //. ss // Simplify

-40.1111 (-0.101794 + c*% % [1, 0, 0]) (0.0544254 +c(*%% (1, 0, 0])
Solve[% =0, c‘%%7[1, 0, 0]]

{{c®%9 711, 0, 0] >-0.0544254}, {c*%9[1, 0, 0] >0.101794}}

sol = Union[sol, %[[2]]]

{c®009 1, 0, 0] 50.101794}
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m @ pert

D[EulerEq, 6] //.ss //. sol // Simplify

0.519694 - 24.3497c®*9 [1, 0, 0]
Solve[% =0, c(1%[1, 0, 0]]
{{c®¥9 11, 0, 0] >0.0213429}}

sol = Union[sol, %[[1]]]

{c©®20 1, 0, 0] 50.0213429, c1%9[1, 0, 0] »0.101794}

m k, § pert - degree 2

D[EulerEq, k, k] //. ss //. sol // Simplify

-0.209957 - 8.14113 ¢ (29911, 0, 0]

Solve[% =0, ¢(3:%® 1, 0, 0]]

{{c®%09 711, 0, 0] >-0.0257897}}

sol = Union[sol, %[[1]]] // Simplify

{c©®20 1, 0, 0] 50.0213429, ¢2%%9[1, 0, 0] »0.101794, c(?%%[1, 0, 0] »-0.0257897}

D[EulerEq, k, 6] //. ss //. sol // Simplify

0.0900211-25.3357c¢*% % [1, 0, 0]

Solve[% =0, ¢ 91, 0, 0]]

{({c®¥9 711, 0, 0] >0.00355313}}

sol = Union[sol, %[[1]]] // Simplify

{c©®09 1, 0, 0] 50.0213429, c%% (1, 0, 0] »0.101794,
c*1:9 711, 0, 0] »0.00355313, ¢(?%%[1, 0, 0] »-0.0257897}

D[EulerEq, 6, 6] //. ss //. sol // Simplify
0.586289-34.3775¢(%2:9 11, 0, 0]
Solve[% =0, c(®297[1, 0, 0]]

{{c(®2:9711, 0, 0] >0.0170544}}

sol = Union[sol, %[[1]]] // Simplify

{c©®29 11, 0, 0] »0.0213429, c(®2:9 71, 0, 0] »0.0170544,
c(*%9 711, 0, 0] 50.101794, c**%[1, 0, 0] »0.00355313, ¢(?%% [1, 0, 0] »-0.0257897}
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12

m Kk,0 pert - degree 3

D[EulerEq, k, k, k] //.ss //. sol // Simplify

0.37707-9.92396c %911, 0, 0]

Solve[% =0, ¢ %91, 0, 0]]

{{cG%9 711, 0, 0] >0.0379959}}
sol = Union[sol, %[[1]]] // Simplify;

D[EulerEq, k, k, 6] //.ss//. sol // Simplify

-0.0642187 -26.2732c¢(2:1:9 (1, 0, 0]
Solve[% =0, cZ¥® 1, 0, 0]]
{{c®29 11, 0, 0] >-0.00244427}}

sol = Union[sol, %$[[1]]] // Simplify

(010011, 0, 0] -0.0213429, c¢®297[1, 0, 0] -0.0170544,

[
c:0%9711, 0, 0] »0.101794, c¢**%[1, 0, 0] -0.00355313, ¢(?%%[1, 0, 0] »-0.0257897,
c(2¥9 11,0, 0] »-0.00244427, c3%9711, 0, 0] 50.0379959}

D[EulerEq, k, 6, 6] //.ss //. sol // Simplify
0.0904829-34.8705¢c(*2:9 11, 0, 0]

Solve[% =0, c¢*2: 91, 0, 0]]

{({c®2971, 0, 0] >0.00259483}}

sol = Union[sol, %[[1]]] // Simplify;
D[EulerEq, 6, 6, 6] //.ss//. sol // Simplify
0.606153-39.3914 c(%*9[1, 0, 0]

Solve[% =0, c(®39[1, 0, 0]]

{{c(®39711, 0, 0] »0.015388}}

sol = Union[sol, %$[[1]]] // Simplify

{c®109 1, 0, 0] »0.0213429, c®297[1, 0, 0] »0.0170544, c®3>%[1, 0, 0] -»0.015388,
c0.9711, 0, 0] 50.101794, c¢**%[1, 0, 0] -0.00355313, c¢*2:9[1, 0, 0] - 0.00259483,
c(2:9:9 711, 0, 0] »-0.0257897, c(®>1%9[1, 0, 0] »-0.00244427, c39%9[1, 0, 0] > 0.0379959}

’
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13

m e pert

D[EulerEq, €] //.ss //. sol // Simplify

0.539421z-4.29417c¢%%V 11, 0, 0]
%//.z2-0

-4.29417c¢%%Y 11, 0, 0]

Solve[% =0, c©%Y[1, 0, 0]]
{{c®%1 11, 0, 0] >0.}}

sol = Union[sol, %[[1]]] // Chop

[1, 0, 0] -0, c®¥® (1, 0, 0] »0.0213429, c(®29[1, 0, 0] - 0.0170544,

[1, 0, 0] »0.015388, ¢*%9[1, 0, 0] »0.101794, c**®[1, 0, 0] - 0.00355313,
c®2:9 71,0, 0] »0.00259483, c>%9[1, 0, 0] »-0.0257897,

[1, 0, 0] »-0.00244427, c¢*%%[1, 0, 0] -0.0379959}

sol = Union[sol, {c®—3—V[1, 0, 0] > 0}];

m e pert - second order

D[EulerEq, €, €] //. 88 //. sol // Simplify

0.221577 2% -4.29417c¢% %2 [1, 0, 0]

% // Expand

0.221577 2% - 4.29417c¢/% %2 [1, 0, 0]

% //. 22> o?

0.221577 0% - 4.29417c¢(% %2 [1, 0, 0]
%//.z2-0

0.221577 0% -4.29417c¢(% %2 11, 0, 0]
Solve[% = 0, ¢ %2 [1, 0, 0]]

{{c(®%2)11, 0, 0] >0.0515994 5%} }

sol = Union[sol, %$[[1]]]:
sol = sol // Simplify

{c®0%1) 1,0, 0] 50, c®%2[1, 0, 0] »0.0515994 02, c¢®1%[1, 0, 0] - 0.0213429,
c(©:2.9711, 0, 0] »0.0170544, c¢‘®39[1, 0, 0] »0.015388, c1%9[1, 0, 0] »0.101794,
c®9 711, 0, 0] »0.00355313, c¢*2:9 (1, 0, 0] »0.00259483, c(>%9[1, 0, 0] »-0.0257897,
c(®1:9 71,0, 0] »-0.00244427, c%%[1, 0, 0] -0.0379959, c*~3—+1)[1, 0, 0] >0}
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m € pert - third order

D[EulerEq, €, €, €] //.ss //. sol // Simplify

0.035918 2> -1.2792z 0% -4.29417c¢(%%3)[1, 0, 0] +120.333zc(®%2) [1, 0, 0]
% // Expand

0.035918 2> -1.2792z 0% -4.29417c¢(%%3)[1, 0, 0] +120.333zc‘®%2) [1, 0, 0]
%//.2z352;

% //. 2% > 0%;

%//.z2-0

0.035918 1 -4.29417c¢(%%3) 11, 0, 0]

Solve[% =0, c(®%3 1, 0, 0]]

{{c(®%3) 11, 0, 0] >0.00836436}}

sol = Union[sol, %$[[1]]]:
sol = sol // Simplify

[1, 0, 0] -0, c®%2)[1, 0, 0] »0.0515994 02, c(®%3)[1, 0, 0] > 0.00836436 21,
[1, 0, 0] - 0.0213429, c(®2:9 71, 0, 0] »0.0170544,

c(©:3.9 71, 0, 0] »0.015388, c(*%%[1, 0, 0] >0.101794, c**9[1, 0, 0] > 0.00355313,
[1, 0, 0] - 0.00259483, c¢(2:%%[1, 0, 0] »-0.0257897,

[1, 0, 0] > -0.00244427, c©:%%9[1, 0, 0] 50.0379959, ci~3—D[1, 0, 0] > 0}

m (€,€k) pert
D[EulerEq, €, €, k] //.ss //. sol // Simplify
-0.152533 2% +0.405267 0% - 6.26612c*%2) [1, 0, 0]

% // Expand

-0.152533 22 +0.4052670°% -6.26612c*%2) (1, 0, 0]
%//.z352;

% //.z% > 0%;

%//.z2-0

0.252734 0% -6.26612c %2 [1, 0, 0]

Solve[% =0, c™%2) [1, 0, 0]]

{{c®%2) 11, 0, 0] »0.04033340°}}
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sol = Union[sol, %$[[1]]1]:
sol = sol // Simplify

0, c®%2 11, 0, 0] »0.0515994 02, c¢(® %3 [1, 0, 0] - 0.00836436 2,
0.0213429, c(®2:9711, 0, 0] -0.0170544, c(®3>®[1, 0, 0] -0.015388,
0.101794, c<1'°'2> [1, 0, o] - 0.0403334 0%, ¢c*%9 (1, 0, 0] »0.00355313,
0.00259483, c(2:%9 1, ]%—0.0257897,

-0.00244427, c<3'°'°>[ , 0] »0.0379959, ¢~V (1, 0, 0] -0}

Q

=

o

o
B R R R R
o o o o o
o o o o o

]
]
]
]
]

Ll Ll

m (€,€,0) pert

D[EulerEq, €, €, 6] //.ss//. sol // Simplify

-0.00394657 22 +0.242199 02 - 24.3497c¢% 12 [1, 0, 0]

% // Expand

-0.00394657 2% + 0.242199 02 - 24.3497c%%2) [1, 0, 0]
%//. 235 2;

% //.z% > 0%;

%//.z2->0

0.238252 0% -24.3497c¢(%%2) (1, 0, 0]

Solve[% =0, c(®¥2[1, 0, 0]]

{{c®%2) 11, 0, 0] >0.009784590%}}

sol = Union[sol, %[[1]]]:
sol = sol // Simplify

0, ¢©%2 11,0, 0] 50.0515994 02, c¢(®%3)[1, 0, 0] - 0.00836436 21,
0.0213429, c(®*2) [1, 0, 0] - 0.00978459 02, c(®2:9[1, 0, 0] - 0.0170544,
0.015388, c<1'°'°> [1, 0, o] -0.101794, ¢*%2)[1, 0, 0] - 0.0403334 02,
0.00355313, c! )1, 0] - 0.00259483, c(>%%[1, 0, 0] »-0.0257897,
-0.00244427, c¢9%9 (1, 0, 0] -0.0379959, c*~31) 11, 0, 0] >0}

Q

s

w

o
N
o o o o o
o o o o o

]
]
]
]
]

VLl bl



GrowthPertJuly20.nb

16

Approximation

Series[c[l1+6k, 66, 6€], {6, 0, 3}]

0.157895+ (e c(® %Y 11, 0, 0] +6c®19 1, 0, 0] +kc™®%%[1, 0, 0]) &5+

1 1
(5 €2¢c®0%2 11,0, 0] +eoc®TD 1, 0, 0] + 5 62 c(®2:9711, 0, 0] +

1
kec®™%Y 11,0, 0] +koc®¥9 11, 0, 0] + Ek2c<2,o,0) [1, 0, 0]] &+

6

1 1
k?ec®%l 1, 0, 0] + Ekzec@'l'f” [1, 0, 0] + Ek3c(3'°'°) [1, 0, 0]

NE g

% //.sol

0.157895+ (0.101794k + 0.021342906) & +
(-0.0128949k? + 0.00355313k 6+ 0.008527226% + 0.0257997 €2 02) &2 +
(0.00633266k>-0.00122213k?60+0.00129741k 62 +0.00256466 6> +
0.00139406€> A +0.0201667ke? 0% +0.0048923€?60%) &> +0[5]*

% //Normal //. 6> 1

0.157895+ 6 (0.101794k + 0.02134296) +
52 (-0.0128949k? + 0.00355313k 6+ 0.008527226% + 0.0257997 €2 02) +
5% (0.00633266k>-0.00122213k?6+0.00129741k &2 +
0.002564666° +0.00139406 €31 +0.0201667ke? 0? +0.0048923 €? 6 0?)

1

1 1 1
(—e3c<°'°'3) [1, 0, 0] + Eezec“"l'z) (1,0, 0]+ ee?c®2b11, 0, 0] + =63

5*+0[56]*

1 1
(03911, 0, 0] + Ekezc(l'o'z) [1, 0, 0] +keocT¥ D1, 0, 0] + Ekezc“'“’) [1, 0, 0] +



